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a b s t r a c t
In this paper, the Exp-function method is used to obtain general solutions of a first-
order nonlinear ordinary differential equation with a fourth-degree nonlinear term. Based
on the first-order nonlinear ordinary equation and its general solutions, new and more
general exact solutions with free parameters and arbitrary functions of the (2 + 1)-
dimensional dispersive long wave equations are obtained, from which some hyperbolic
function solutions are also derived when setting the free parameters as special values. It
is shown that the Exp-function method with the help of symbolic computation provides
a straightforward and very effective mathematical tool for solving nonlinear evolution
equations in mathematical physics.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
It is well known that nonlinear evolution equations (NLEEs) are often presented to describe the motion of isolated
waves, localized in a small part of space, in many fields such as hydrodynamics, plasma physics, nonlinear optics etc. The
investigation of exact solutions of NLEEs plays an important role in the study of these nonlinear physical phenomena.
With the development of soliton theory, many significant methods for obtaining exact solutions of NLEEs have been
presented, such as the inverse scattering method [1], Hirota’s bilinear method [2], Bäcklund transformation [3], Painlevé
expansion [4], sine–cosinemethod [5], homogeneous balancemethod [6], homotopy perturbationmethod [7–9], variational
method [10–13], asymptotic methods [14,15], Adomian decomposition method [16], tanh-function method [17–19],
algebraic method [20–23], Jacobi elliptic function expansion method [24–26], F-expansion method [27–30], and auxiliary
equation method [31–34]. Generally speaking, exact solutions of NLEEs obtained by most of these methods are written as
a polynomial in several elementary or special functions that satisfy a first-order ordinary differential equation called the
sub-equation, for example, the Riccati equation. It is obvious that the more the solutions of the sub-equation we find, the
more the exact solutions of the considered NLEEs we may obtain.
Recently, He and Wu [35] proposed a new method, called the Exp-function method, to obtain exact solutions of NLEEs.
The Exp-function method has been successfully applied to many kinds of NLEEs, such as high-dimensional equations
[36,37], variable-coefficient equations [38–40], discrete equations [41–43], etc. [44–51].
The present paper ismotivated by the desire to use the Exp-functionmethod [35] to seek general solutions of a first-order
nonlinear ordinary differential equation with a fourth-degree nonlinear term:(
dz(ξ)
dξ
)2
= az2(ξ)+ bz3(ξ)+ cz4(ξ), (1)
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where a, b and c are real parameters, then employ Eq. (1) as a sub-equation and use its general solutions to find new and
more general exact solutions of the (2+ 1)-dimensional dispersive long wave equations:
uyt + Hxx + 12 (u
2)xy = 0, (2)
Ht + (uH + u+ uxy)x = 0. (3)
Eqs. (2) and (3) were first obtained by Boiti et al. [52] as a compatibility condition for a ‘‘weak’’ Lax pair. Paquin and
Winternitz [53] showed that the symmetry algebra of Eqs. (2) and (3) is infinite-dimensional. The more general symmetry
algebra, w∞ symmetry algebra, was given in [54]. Lou [55] gave nine types of two-dimensional similarity reductions and
thirteen types of ordinary differential equation reductions. He [13] established a variational model of Eqs. (2) and (3) by
using the semi-inverse method.
2. Exp-function method for Eq. (1)
According to the Exp-function method [35], we assume that the solution of Eq. (1) can be expressed in the following
form:
z(ξ) = a1 exp(kξ + ω)+ a0 + a−1 exp(−kξ − ω)
b1 exp(kξ + ω)+ b0 + b−1 exp(−kξ − ω), (4)
where a1, a0, a−1, b1, b0, b−1, k and ω are constants which are unknown to be further determined.
Substituting Eq. (4) into Eq. (1) and equating the coefficients of all powers of exp[i(kξ + ω)] (i = 0,±1,±2,±3,±4)
to zero yields a set of algebraic equations for a1, a0, a−1, b1, b0, b−1, k and ω. Solving the system of algebraic equations with
the aid of Mathematica, we obtain
a1 = 0, a0 = −2ab0b , a−1 = 0, b1 = b1, b0 = b0, (5)
b−1 = b
2
0(b
2 − 4ac)
4b2b1
, k = ±√a, ω = ω, a > 0. (6)
or
a1 = −2a, a0 = 0, a−1 = 0, b1 = b, b0 = 0, (7)
b−1 = b−1, k = ±
√
a
2
, ω = ω, b2 − 4ac = 0, a > 0. (8)
We, therefore, obtain the following general solutions of Eq. (1)
z1±(ξ) = −
2ab0
b
b1 exp
(±√aξ + ω)+ b0 + b20(b2−4ac)4b2b1 exp (∓√aξ − ω) , a > 0. (9)
z2±(ξ) =
−2a exp
(
±
√
a
2 ξ + ω
)
b exp
(
±
√
a
2 ξ + ω
)
+ b11 exp
(
∓
√
a
2 ξ − ω
) , b2 − 4ac = 0, a > 0. (10)
If we set b0 = ∓2, b1 =
√
b2−4ac
b , b
2 − 4ac > 0 and ω = ±ξ01, then Eq. (9) becomes
z1±(ξ) = ±2a sech(
√
aξ + ξ01)√
b2 − 4ac ∓ b sech(√aξ + ξ01)
, b2 − 4ac > 0, a > 0, (11)
where z1+(ξ) is the first solution given by Liu and Liu in [56]. Further setting ξ01 = ξ02, z1−(ξ) becomes the second solution
given by Liu and Liu in [56].
If we set b0 = −2, b1 =
√
4ac−b2
b , b
2 − 4ac < 0 and ω = ±ξ03, then Eq. (9) becomes
z1±(ξ) = ±2a csch(
√
aξ + ξ03)√
4ac − b2 ∓ b csch(√aξ + ξ03)
, b2 − 4ac < 0, a > 0, (12)
where z1+(ξ) is the first solution given by Liu and Liu in [56]. Further setting ξ03 = ξ04, z1−(ξ) becomes the fourth solution
given by Liu and Liu in [56].
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If we set b11 = b and ω = ±ξ05, then Eq. (10) becomes
z2±(ξ) = −ab
[
1± tanh
(√
a
2
ξ + ξ05
)]
, b2 − 4ac = 0, a > 0, (13)
which is the firth solution given by Liu and Liu in [56].
If we set b11 = −b and ω = ±ξ06, then Eq. (10) becomes
z2±(ξ) = −ab
[
1± coth
(√
a
2
ξ + ξ06
)]
, b2 − 4ac = 0, a > 0, (14)
which is the sixth solution given by Liu and Liu in [56].
There are no other solutions given in [56] except the ones mentioned above. It shows that the general solutions (9) and
(10) are more general than those given in [56]. More importantly, if we use Eq. (1) and its general solutions (9) and (10), we
can obtain new and more general exact solutions of Eqs. (2) and (3).
3. Exact solutions of Eqs. (2) and (3)
Balancing thehighest-order partial derivativewith thenonlinear term,we suppose that Eqs. (2) and (3) have the following
formal solutions:
u = a0(y, t)+ a1(y, t)z(ξ), (15)
H = b0(y, t)+ b1(y, t)z(ξ)+ b2(y, t)z2(ξ), (16)
where z(ξ) satisfies Eq. (1), ξ = kx+ η(y, t), a0(y, t), a1(y, t), b0(y, t), b1(y, t), b2(y, t) and η(y, t) are functions of y and t
to be determined later, k is a nonzero constant.
Substituting Eqs. (15) and (16) along with Eq. (1) into Eq. (2) and (3), the left-hand sides of Eqs. (2) and (3) are converted
into two polynomials of z ′ i(ξ)z j(ξ)(i = 0, 1; j = 0, 1, 2 . . .), then setting each coefficient to zero, we get a set of over-
determined partial differential equations for a0(y, t), a1(y, t), b0(y, t), b1(y, t), b2(y, t) and η(y, t) as follows:
a0yt(y, t) = 0,
2ka1(y, t)a1y(y, t) = 0,
ak2A1(y, t)+ aka0(y, t)a1(y, t)ηy(y, t)+ aa1(y, t)ηy(y, t)ηt(y, t)+ a1yt(y, t) = 0,
3
2
bk2A1(y, t)+ 4ak2A2(y, t)+ 32bka0(y, t)a1(y, t)ηy(y, t)+ 2aka
2
1(y, t)ηy(y, t)+
3
2
ba1(y, t)ηy(y, t)ηt(y, t) = 0,
2ck2A1(y, t)+ 5bk2A2(y, t)+ 2cka0(y, t)a1(y, t)ηy(y, t)+ 52bka
2
1(y, t)ηy(y, t)+ 2ca1(y, t)ηy(y, t)ηt(y, t) = 0,
6ck2A2(y, t)+ 3cka21(y, t)ηy(y, t) = 0,
ka1(y, t)+ kA0(y, t)a1(y, t)+ ka0(y, t)A1(y, t)+ A1(y, t)ηt(y, t)+ ak2a1(y, t)ηy(y, t) = 0,
2ka1(y, t)A1(y, t)+ 2ka0(y, t)A2(y, t)+ 2A2(y, t)ηt(y, t)+ 3bk2a1(y, t)ηy(y, t) = 0,
3ka1(y, t)A2(y, t)+ 6ck2a1(y, t)ηy(y, t) = 0,
A1t(y, t)+ ak2a1y(y, t) = 0,
A2t(y, t)+ 32bk
2a1y(y, t) = 0,
2ck2a1y(y, t) = 0,
A0t(y, t) = 0.
Solving the set of over-determined partial differential equations by use of Mathematica, we have
a0(y, t) = ±bk
√
c
2c
− g
′(t)
k
, a1(y, t) = ±2k
√
c, b0(y, t) = −1+ k(b
2 − 4ac)f (y)
4c
, (17)
b1(y, t) = −bkf (y), b2(y, t) = −2ckf (y), η(y, t) =
∫
f (y)dy+ g(t), k = k, (18)
where f (y) and g(t) are arbitrary functions of y and t respectively, g ′(t) = dg(t)/dt .
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From Eqs. (9) and (15)–(18) we obtain the following exact solutions of Eqs. (2) and (3):
u = ±bk
√
c
2c
− g
′(t)
k
± 2k√c −
2ab0
b
b1 exp
(±√aξ + ω)+ b0 + b20(b2−4ac)4b2b1 exp (∓√aξ − ω) , (19)
H = −1+ k(b
2 − 4ac)f (y)
4c
− bkf (y) −
2ab0
b
b1 exp
(±√aξ + ω)+ b0 + b20(b2−4ac)4b2b1 exp (∓√aξ − ω)
− 2kcf (y)
 − 2ab0b
b1 exp
(±√aξ + ω)+ b0 + b20(b2−4ac)4b2b1 exp (∓√aξ − ω)
2 , (20)
where ξ = kx+ ∫ f (y)dy+ g(t).
From Eqs. (10) and (15)–(18) we obtain the following exact solutions of Eqs. (2) and (3):
u = ±k√a− g
′(t)
k
± bk
√
a
a
−2a exp
(
±
√
a
2 ξ + ω
)
b exp
(
±
√
a
2 ξ + ω
)
+ b11 exp
(
∓
√
a
2 ξ − ω
) , (21)
H = −1− bkf (y)
−2a exp
(
±
√
a
2 ξ + ω
)
b exp
(
±
√
a
2 ξ + ω
)
+ b11 exp
(
∓
√
a
2 ξ − ω
)
− kb
2
2a
f (y)
 −2a exp
(
±
√
a
2 ξ + ω
)
b exp
(
±
√
a
2 ξ + ω
)
+ b11 exp
(
∓
√
a
2 ξ − ω
)
2 , (22)
where ξ = kx+ ∫ f (y)dy+ g(t).
Setting b0 = ∓2, b1 =
√
b2−4ac
b , b
2 − 4ac > 0 and ω = ±ξ01 in Eqs. (19) and (20), we obtain hyperbolic function
solutions of Eqs. (2) and (3):
u = ±bk
√
c
2c
− g
′(t)
k
± 4ak√c sech(
√
aξ + ξ01)√
b2 − 4ac ∓ b sech(√aξ + ξ01)
, (23)
H = −1+ k(b
2 − 4ac)f (y)
4c
∓ 2abkf (y) sech(
√
aξ + ξ01)√
b2 − 4ac ∓ b sech(√aξ + ξ01)
− 8a2ckf (y) sech
2(
√
aξ + ξ01)[√
b2 − 4ac ∓ b sech(√aξ + ξ01)
]2 , (24)
where ξ = kx+ ∫ f (y)dy+ g(t).
Setting b0 = −2, b1 =
√
4ac−b2
b , b
2 − 4ac < 0 and ω = ±ξ03 in Eqs. (19) and (20), we obtain hyperbolic function
solutions of Eqs. (2) and (3):
u = ±bk
√
c
2c
− g
′(t)
k
± 4ka√c csch(
√
aξ + ξ03)√
4ac − b2 ∓ b csch(√aξ + ξ03)
, (25)
H = −1+ k(b
2 − 4ac)f (y)
4c
∓ 2abkf (y) csch(
√
aξ + ξ03)√
4ac − b2 ∓ b csch(√aξ + ξ03)
− 8a2ckf (y) csch
2(
√
aξ + ξ03)[√
4ac − b2 ∓ b csch(√aξ + ξ03)
]2 , (26)
where ξ = kx+ ∫ f (y)dy+ g(t).
Setting b11 = b and ω = ±ξ05 in Eqs. (21) and (22), we obtain hyperbolic function solutions of Eqs. (2) and (3):
u = ±k√a− g
′(t)
k
∓ k√a
[
1± tanh
(√
a
2
ξ + ξ05
)]
, (27)
H = −1+ akf (y)
[
1± tanh
(√
a
2
ξ + ξ05
)]
− ak
2
f (y)
[
1± tanh
(√
a
2
ξ + ξ05
)]2
, (28)
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where ξ = kx+ ∫ f (y)dy+ g(t).
Setting b11 = −b and ω = ±ξ06 in Eqs. (21) and (22), we obtain hyperbolic function solutions of Eqs. (2) and (3):
u = ±k√a− g
′(t)
k
∓ k√a
[
1± coth
(√
a
2
ξ + ξ05
)]
, (29)
H = −1+ akf (y)
[
1± coth
(√
a
2
ξ + ξ05
)]
− ak
2
f (y)
[
1± coth
(√
a
2
ξ + ξ05
)]2
, (30)
where ξ = kx+ ∫ f (y)dy+ g(t).
Remark. Solutions (9), (10) and (19)–(30) have been checked with Mathematica by putting them back into the original
Eqs. (1) and (2) and (3), respectively. To the best of our knowledge, solutions (19) and (20) have not been obtained in the
literature.
4. Conclusion
Based on the first-order nonlinear ordinary equation and its general solutions obtained by the Exp-function method,
new and more general exact solutions with free parameters and arbitrary functions of the (2 + 1)-dimensional dispersive
long wave equations are obtained, from which some hyperbolic function solutions are also derived when setting the free
parameters as special values. The free parameters and arbitrary functions in the obtained solutions imply that these solutions
have rich local structures. It may be important to explain some physical phenomena. The method used in this paper for
solving the (2+ 1)-dimensional dispersive long wave equations can be applied to other NLEEs.
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